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TURAN TYPE INEQUALITIES FOR REGULAR COULOMB WAVE FUNCTIONS 


Arpad baricz 


Abstract. Turan, Mitrinovic-Adamovic and Wilker type inequalities are deduced for regular Coulomb 
wave functions. The proofs are based on a Mittag-Leffler expansion for the regular Coulomb wave func¬ 
tion, which may be of independent interest. Moreover, some complete monotonicity results concerning 
the Coulomb zeta functions and some interlacing properties of the zeros of Coulomb wave functions are 
given. 


1. Introduction 

The Coulomb wave function, which bears the name of the famous French physicist Charles Augustin 
de Coulomb (best known for his law describing the electrostatic interaction between electrically charged 
particles), is a solution of the Coulomb wave equation (or radial Schrodinger equation in the Coulomb 
potential) and it is used to describe the behavior of charged particles in a Coulomb potential. There is 
an extensive literature concerning the computation of the Coulomb wave function values, however, the 
zeros and other analytical properties have not been studied in detail. For more details we refer to the 
papers j lkl [MKCI] and to the references therein. We mention that recently, an important study on the 
Coulomb wave function was made by Stampach and Stovicek jssj . In this paper we present some new 
results on the Coulomb wave function, which may be useful for people working in special functions and 
mathematical physics. Our present paper belongs to the rich literature about Turan type inequalities on 
orthogonal polynomials and special functions, named after the Hungarian mathematician Paul Turan, 
and can be interpreted as the generalization of some of the results on Bessel functions of the first kind, 
obtained by Szasz fs^nis^2i . The paper is organized as follows: the next section is divided into four 
subsections and contains some Turan, Mitrinovic-Adamovic and Wilker type inequalities for the regular 
Coulomb wave function. The key tool in the proofs is a Mittag-Leffler expansion for the regular Coulomb 
wave function, which may be of independent interest. We also deduce some complete monotonicity results 
for the Coulomb zeta functions, which are defined by using the real zeros of the Coulomb wave functions. 
By using the Hadamard factorization of the Coulomb wave functions we also present some interlacing 
properties of the zeros of the Coulomb wave functions. 


2. Properties of the regular Coulomb wave functions 


In this section our aim is to present the main results of this paper about the regular Coulomb wave 
function together with their proofs. The section is divided into four subsections. 

2.1. Turan type inequalities for regular Coulomb wave functions. In order to obtain the main 
results of this subsection we use a Mittag-Leffler expansion for the regular Coulomb wave function together 
with the recurrence relations, and a result of Ross IRoj . As we can see below the second main result of this 
subsection is a natural extension of a well-known result of Szasz rs^nis^i for Bessel functions of the first 
kind. The next result, which may be of independent interest, is an immediate consequence of a result of 
Wimp m concerning confluent hypergeometric functions and it was recently rediscovered by Stampach 
and Stovicek SS , by using a different method. In both papers j SSl fWi] a new class of orthogonal 


polynomials associated with regular Coulomb wave functions is introduced. These polynomials play a 
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role analogous to that the Lommel polynomials have in the theory of Bessel functions of the first kind. 
However, it is worth to mention that Wimp’s approach m is based on inversion of Stieltjes transforms, 
while Stampach and Stovfcek 


SS used the eigenvalues of some Jacobi matrices. 


Lemma 1. Let p, q £ R. and let L > —3/2, L ^ —1 if q ^ 0 and L > —3/2 if q = 0. Then the next 
Mittag-Leffler expansion is valid 

_ P _+_ P _ 

^L,rj,n{p^L,rj,n P) yL,r],n(yL,r],n P) _ 
where XL,r/,n and i/L,ri,n are the nth positive and negative zeros of the Coulomb wave function F^fq^p). 


( 2 . 1 ) 


Fl+i(v,P) = L + 1 
Fl(t),p) \/(L + l ) 2 + q 2 


E 


Proof. Let \F\ denotes the Kummer confluent hypergeometric function. It is known that 

Fl(v,p) = C L {rf)p L+1 e~' p \F\{L + l- \q,2L + 2; 2i p), 

where 

_ 2 ^e-?|r(L + l + b ? )l 
L ^ T(2L + 2) 

By using the next result of Wimp [Wil p. 892] for c = 2L + 2, n = q and z = 1/p 
iFi(§ + l-iK,c + 2 ;S) _ c 2 (c+!) 


iFi (§ -i«,c;f) 


c 2 + 4k 2 


E 


z — Zu 


feez\{o} ~ ~ fe 

c > —1 and Zk, k £ Z \ {0}, are the zeros of the function \F\{c/2 — in, c; 2i z), it follows 


where n, z £ 
that 

F L+1 (q,p) _ C L+1 (q) (L + 1) 2 (2L + 3) 


Fl(v,p) 


C L {q) (L + l ) 2 + q 2 


E 

n> 1 


_%L,r},n(%L,r],n p) VL,r),n(yL ,77,n p) _ 


which by means of the relation [ ASl p. 538] L(2L + 1 )C'l(?;) = i/L 2 + q 2 CL-i(p ) yields (12.111 . We note 
that in the above formula of Wimp BED p. 892] instead of the correct expression K = c 2 (c+1)/(c 2 + 4re 2 ) 
it was used K = c 2 (c + l)/(c 2 /4 + k 2 ), and instead of the correct argument 2i /z it was i jz. This can be 
verified by using the fact that when q = 0 the Coulomb wave function reduces to Bessel function of the 
first kind, and by using the Mittag-Leffler expansion for Bessel functions of the first kind and the first 
Rayleigh sum of zeros of Bessel functions we would have contradiction. 

eq. 76] 


( 2 . 2 ) 


Another way to obtain ( 12.111 is to consider the Hadamard infinite product expansion 

[] 1 ' P 


Fl(Vi p) = C L (y)p L 


^>l 


1 - 


PL,'. 


where pL,rj,n is the nth zero of the Coulomb wave function. Logarithmic derivation yields 

f’ l (v,p) _ L + 1 , v p 


F L {q,p) p L + l 
which in view of the recurrence relation [ASl P- 539] 


-E 


^>l 


PL,rj,n(pL,ri,n p) 


(2.3) 

yields 


(L + 1 )Ff(q, p) — 
F L+ i(q,p) 


(L + l) 2 


P 


Fl(v,p) - V(L + l ) 2 + V 2 Fl+i (v, p) 


L + l 


F l(V, P) y/(L + l ) 2 + q 2 “ PL,n,n(PL,r,,n ~ P) 


E 


Now, taking into account that the zeros PL,ri,n can be separated into positive and negative zeros, the 
proof of m is done. □ 


It is worth to mention that if 77 = 0, then EH) reduces to the next well-known Mittag-Leffler expansion 


Fl+ l( 0 , p) _ Jl+3/2(p) 

Fl(0,p) -4+1/2 (p) 


= E 

n> 1 


2 p 


4 + 1 / 2 ,, 


where L > —3/2, J+ stands for the Bessel function of the first kind of order L and jr.n is the nth positive 
zero of the Bessel function J+. Here we used that for each natural n we have XL,o,n = ~UL,o,n = jL+i/2,m 
that is, the corresponding negative and positive zeros of the Bessel function of the first kind are symmetric 
with respect to the origin. 
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Now, we are ready to present the first set of results concerning the Turan type inequalities for the 
regular Coulomb wave function. Three kind of Turanians are considered and the results are mainly based 
on the Mittag-LefHer expansion m ■ Our first main result is the following theorem. 

Theorem 1. The following assertions are true: 

a. If L, 77 > 0, 0 < p < L(L + 1)/ 77 , p < Xl, v , 1 or —3/2 < L < —1, 77 > 0, 0 < p < L(L + 1)/ 77 , 
P < %L,ri,i or T) < 0, L > 0 and 0 < p < Xl, v ,i, then 

( 2 - 4 ) Fl(v,p) ~ Fl-i{v,p)Fl+i(v,p) > 0 . 

b. If L, r] > 0, L(L + l )/?7 < p < xl-\,t),i or — 3/2 < L < — 1, 77 > 0, L(L + l)/rj < p < xl-i^p or 
— 1 < L < 0, 77 < 0, L(L + l)/rj < p < Xl-i, v ,i then 


\J L 2 + if 2 2 , sJ(L + l ) 2 + if 

- 1 - F L (r],p) - -j —--F L _i(? ? ,p)F L+ i(? ? ,p) > 0. 

c. If L > — 1, rj G M, p 2 < ( L 3 + 1)/(L 2 + rf 2 ), 77 / (L(L + 1)) — l/p> 0 and 0 < p < Xl-i, v ,i, then 


T 721 \ 'JF 1 + P 2 y/(L + l ) 2 + r/ 2 

F l {v,P) - T/T , - F L _ 1 (r],p)F L+1 (r],p) > 0. 


L(L + 1) 

Proof, a. By using the recurrence relation jASl p. 539] 


(2.5) 

and 


where 


LF' L (r],p) = sjL 2 + i 1 2 F l _ 1 {t 1 ,p) - F UV,P) 


we obtain 


iA L , v {p)_ n ,, , / % F' L (r], p) 


F l(v,p ) 


= a Lt r,(p) - b Lt r,(p) 


Fl(v,p) 


C L‘ 


F' L {y,p) 

Fl(v,p) 


a L ,ri{p) = 1 - 


(?+■>) 


C^+ 1) 2 I . 
p ” r 


L(L+ 1 ) 


, bL,r,(p) = 


\jL 2 + rfsj (L + l ) 2 + rj 2 

L{L+ 1) 


\JL 2 + r\ 2 \J(L + l ) 2 + p 2 ’ 


Cl, 7 ? — 


\JL 2 + r] 2 y/{L + l ) 2 + t ? 2 

and iA l,t)(p) stands for the Turan expression, defined by 

iA L,r,(p) = Fl{r),p) - F L _ 1 (r],p)F L+ 1 (r],p). 

Now, taking into account that the Coulomb wave function is a particular solution of the Coulomb differ¬ 
ential equation |ASl p. 538] 


( 2 . 6 ) 
we get 
(2.7) 

which in turn implies that 

F l(v,p) 


w"(p) + 


1 _ 2r? _ L(L + 1) 


w{p) = 0 , 


'F'lYtpY 

2 L(L + 1 ) 277 

’^l(p,p)]' 

[Fl(v,p)\ 

P 2 P 

Fl{v,p). 


= d LiV (p) - b L>ri (p) - c L ,r, 

Fl{v,P) 


f ' l {t],p) 
Fl(Vi p) 


where 


L(L+l) + 2 +r ? 2 

d L , v (p) = 1 - P 


a/L 2 + 77 s + l ) 2 + V 2 

Moreover, by using the recurrence relation m and the Mittag-LefHer expansion (EH), it follows 


F' l {ViP) = L + l ?7 

Fl(v,P ) P L+ 1 


E 

n>l 


_ 3 ?L, 77, n(^L,77,71 P) VL,rj , n(jjL,rj,n p ) _ 


and 

( 2 . 8 ) 


' f L(v,pY 

E + 1 v 

1 1 

_Fl(t], p). 

p 2 ^ 

r n>l 

.( x L,r),n - P ) 2 ' (yL,r!,n- p ) 2 _ 
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Consequently we have 

1 ^L,ri(p) 

f£{p,p) 


where 


— e L,r] + ^ ' 


n> 1 


+ c L ,n ^2 


_XL,r],n(xL ,77,n p) PL,77,n(pL ,r],n p) _ 

1 1 


n>l 


X X L, V ,n ~ P ) 2 {yL,r,,n ~ pf J ’ 


^L,7) — 1 


L-y/ (L + l) 2 + p 2 


(i + l)Vi 2 +?? 2 

Note that for all L > 0 or —3/2 < L < — 1 and ijelwe have Cl jI? > 0 and ez, i)? > 0. Thus iA L,r)(p) is 
positive if L,p > 0, 0 < p < L(L + l)/p, p < Xl, v ,i or if —3/2 < L < —1, 77 > 0, 0 < p < L{L + l)/p, 
p < %L,ri,i or if 77 < 0, L > 0 and 0 < p < XL,n, i- 

b. By using the recurrence relations m and m we obtain 


f l+i(v, p)Fl(v, p) - F^{p, p)F L+1 (p 1 p) = 2 A L +i,r,(p) - 
where 


1 


(L + 1) (L + 2) p 


Fl(v,p)F l+1 {t],p ), 


2 A L,T)(P) = 


Vl 2 


T 


Fl(v,p) - 


\J{L + l) 2 + ?7 ; 


,V\r, L -n V nr, i + 1 

On the other hand, according to fMKCIl Lemma 2.4] we have 


F L - 1 (rj, p)F L+ i(rj, p). 


P 2 ^ t + V [ f l+i(v,p)Fl(v,p) ~ F' L (p,p)F L+1 (p,p)\ = ^(2L + 2ti + l)Fl +n (p, p). 

n> 1 


L + 1 


From this we obtain that 


2&L, v (p) > r V 
^|_i(?7,p) ~ [L(L+ 1) 


1 

P 


Fl(v,p) 
F L -i(i~i, p) 


and by using the Mittag-Leffler expansion m, the right-hand side of the above inequality is positive if 
L, 77 > 0 and L(L + l)/r] < p < Xl- i, v ,i or if —3/2 < L < —1, 77 > 0 and L(L + l)/r] < p < Xl-i, v ,i or if 
— 1 < L < 0, 77 < 0, L(L + l)/r] < p < Xl-i, v ,i- 

c. Observe that (12.81) implies that for all 77 , p g R, p / 0 and L > — 1 we have 


D L}V (p) = f 'l ijh p)F l ( 77 , p) - F' L (p, p)F' L (p, p) < 0. 

Now, by using the recurrence relations m and (12.31) and also the fact that Fl{p, p) satisfies the Coulomb 
differential equation (EH), we obtain 


D L , v (p) = fL,r,{p) F l(v,p) H- F L _ 1 (p,p)F L+ 1 (p,p ) + 


c L,r) 


L{L + 1) P. 


Fl-i(v, p)F l (t], p), 


where 


, (n\ - — - 1 - 1 f- 

fL,ri(P) ^2 ^ JJ2 


If L > —1 ,77 S M and (L 3 + 1)/(L 2 + p 2 ) > p 2 , then we have that /l jT) (p) > —1 and consequently we have 


0 > F>L,r)(p) > — 3 A L,T)(p) + 


F{F + 1 ) p 


F L ~i{p, p)F L (p, p), 


where 


A t \ t?2i ^ \/L 2 + p 2 \J{L + l) 2 + p 2 

3A L,r,(p) = F L (p,p) - L { L + 1) - F L _ 1 {p,p)F L+1 {p,p). 


But the above inequality is equivalent to 

3A l, v (p) 


F l^(p,p) 


> 


_ Fl(p, p) 

L{L + 1) p\ F L _i(?7,p) 


and by using again the Mittag-Leffler expansion EH), the right-hand side of the above inequality is 
positive if p/(L(L + 1)) — 1/p > 0 and 0 < p < XL-i,n,i- With this the proof is complete. □ 
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Now, let us consider the notations 




L^J {L + l) 2 + p 2 


(2L + 1) 


L{L + 1) | 


and C L ,■qip) = 


(. L+l)y/L 2 + p 2 


(2L + 1) 


L ( L + 1) j 


In what follows we show that if L > 0, p < 0, then the restriction p < XL,n,i in the Turan type inequality 
(12.41) can be removed. Moreover, we show that in this case the inequality (12.41) can be improved. 


Theorem 2. If n £ {0,1,... } and L > —3/2, L ^ —1, p > 0, p £ 
?/ = 0, then 


p ^ 0 or L > —3/2, p > 0 and 


(2.9) Fl +n (rj,p) - F L+n - 1 (r},p)F L+n+ i(i],p) = - 


OC L+n ^{p) 
CL-\-n,niP) 


F l +n iV:P) 


E 


BL+n+l,rj(p)BL+n+2,r](p) * ■ * BL+n+i-\-\,n ip) 

CL+n,nip)CL+n+l,nip) • • • CL+n+i,nip) 


®{BL+n+i—l,n ( P)CL+n+i,n (p))^L+n+i iVi P) > 


where 0 is the forward difference operator defined by QA n = A n+ \ — A n . 

In particular, for all L > 0, i) < 0 and p > 0 the following sharp Turan type inequality is valid 


( 2 . 10 ) 


f l(v,p) - p)F L+1 (p, p) > 


1 - 


Lj2L + l)y/(L + l) 2 +p 2 
(L + l)(2L + 3) v / i 2 + 7? 2 


F liv,p)- 


It is important to mention here that when p = 0 the Turan type inequalities (12.41) and (12.101) reduce 
to known results of Szasz EaU- More precisely, since jASl p. 542] F L (0,p) = J L+1 / 2 (p ), the Turan 

type inequalities (12.41) and (12.101) for p = 0 and L + 1/2 = v become 

Jfip) ~ Jv—i{p)Jv+\{p) h 0 ) 

Jfip) ~ Ju—i{p)Jf+i{p) P ^ ^ J v ip) > 

where v > 1/2 and p > 0. For more details on Turan type inequalities for Bessel functions and other 
generalizations we refer to the papers |BP1 IBI1 IJB1 IK SI ILal IPal ISkl ISz21 ITN] and the references 
therein. 

The proof of the above theorem is based on the next result of Ross Ro Theorem 3]. 


Lemma 2. Let I be an interval and let {y n }n >o be a sequence of functions of real variable x, which is 
uniformly bounded in n for each x £ I. If these functions satisfy 


y n { x) = B n y n+ i(x) + C n y n -iix), 


where B n and C n are functions of x, x € I, with the property that C„ix) ^ 0, Bffx) —> 0 and 
niU \Biix)/Ci[x)\ converges as n —> oo for all x £ I, then 


P)C! 

(2.11) yHx) - y n -iix)y n +iix) = —~ 


i= 1 


B n +iB n+ 2 ...B 
C n Cn+1 ... Cj 


n+i+1 


n-\-i 


F>iB n -\-i-iC n +i)y n+i ix). 


For reader’s convenience we note here that in formula (i) of p. 28] the expression B n y n should be 
written as B n+ iy n , and in the main formula of ]Ro Theorem 3] the expression B n+ i_i should be written 
as B n+i+ 1 , just like in (12.111) . 


Proof of Theorem [H In order to deduce the infinite sum representation of the Turanian of the Coulomb 
wave functions in Theorem [2] we shall use Lemma [2] According to the recurrence relation [ASl p. 539] 

B L}V {p)F L+ iip,p) = F L ip,p) - Cl.^-Fl-i^p) 

we have 

FL+niP, p) = Bl+u, 7] ip) F L+n+l ip, p) A CL+n,rjip) Fl+u— 1 iPi p) ■ 

Observe that when n € {0,1,...} for L > —3/2, L ^ —1, pel and p €E R, p ^ 0, or L > —3/2, pel 
and p = 0we have CL+n,r/ip) ^ 0 and F>L+ n , 7 j(p) —e 0 as n —> oo. Moreover, the product 

TT BL+i, v jp) _ TT jL + j)\/jL + j + l) 2 + p 2 _ ^ + (L+n+ 1) 2 

i=1 ^L+i.rtip) i=1 (L + i + 1) \JiL + i) 2 + p 2 ^ 1 + (T+TF 

converges as n —> oo for all L > —3/2, L / -1, p e 1 and pel. We just need to check the uniform 
boundedness of the Coulomb wave function with respect to L + n. For this we use the asymptotic relation 
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Fl(ViP) ~ Cl(ji)p L+1 as L —> oo. Note that according to AS. p. 538] and [Nil p. 43] for L positive 
integer we have 

2 L e^?ir(L + l + i7?)l ( if v ¥> 0 


T(2L + 2) 


if rj = 0 


(2L+1)! ’ 

Thus, by using the infinite product representation of the hyperbolic sine function |AS1 p. 85] we get that 
for fixed 77 € R and p > 0 


Cl(v)p 


L +1 


Cl( 0 ) P 


L+l 


2 sinh( 7 r? 7 ) 


V^P L+1 


-e 2 —> 0 as L —> oo, 


e 2 irri _ x 2 L_1 r (L + |) 

and consequently 

C , L+ra(?7)p i+n+1 —> 0 as n —> oo. 

Thus, applying (12.111) . the proof of (12.91) is complete. 

Now, let us focus on the Turan type inequality <12. 101) . If we choose n = 0 in (12.911 . then we obtain 

Bl+ 1 ,t]{p) ■ ■ ■ ^?L+i+l,t)(p) , 




lA L 

In what follows we show that 


Cl, v (p) ■ ■ ■ C L +i,ri(p) 




(2.12) 0 (^L+ 2 —1 : T)(p)C'L+i ,r](p)) — ^L+i, 7 /(p)f^L+i+l,r;(p) 1 ,r](p)C L+i,r](p) — 0 

for all L > 0 , 77 < 0 , p > 0 and * € {1, 2,...}. Observe that the above inequality can be written as 

(L -f- i)(L + z + 2) ((£ + i + l ) 2 + 77 “) (£ + z — 1)(£ + z + 1) ((£ + z ) 2 + 77 2 ) 

(2L + 2z + 3) ((£ + z + 1)(£ + z + 2) + prj) (2L + 2z — 1) ((£ + z — 1)(£ + z) + / 077 ) 
which by using the notation u> = L + z, can be rewritten as 

u > i ( uj 2 + V 2 ) < 075(^6 + V 2 ) 
w 3 (w 4 + pp) ~ w 7 (w 8 + prj) 

where uq = w(w + 2), uq = (w + l) 2 , W 3 = 2co + 3, W 4 = (w + l)(w + 2), W 5 = (w — l)(w + 1), W 6 = w 2 , 
w 7 = 2w — 1 and ws = (w — l)w. Thus, in order to show (12.12[) we need to verify the inequality 

(W3W5 — LOiUJ7)pp 3 + (W3W4W5 — C 0 i 0 JrUJ S )p 2 + (W3W5W6 — UJ\UI 2 ^ 7 )PP + W3W4W5W6 — W1W2W7W8 > 0, 


where £ > 0, 77 < 0, p > 0 and z S {1,2,...}. Computations show that for all £ > 0 and i £ {1, 2,...} 
we have 

{ uquq — UJ 1 UJ 7 — —3 < 0 

W 3 W 4 W 5 — uqoqtus = (w — l)(w + 2)(8w 2 + 8 w + 3) > 0 

uquqcug — cququq — —2w(w T l)(2cu“ -(- 2uz — 1) < 0 

W 3 W 4 W 5 W 6 — W 1 W 2 W 7 W 8 = 4(w — l)w 2 (w + l) 2 (w + 2) > 0 

which in turn implies the validity of inequality (12.121) . 

Now, by using the inequality (12.121) we obtain 

where £ > 0, 77 < 0 and p > 0. On the other hand for 77 < 0 and £ > 0 the function 

^ 1 _ Cl+i,7?(p) _ 1 _ (T + 2)(2£ + l)y / (L + l ) 2 + 77 2 L(L + 1) + pp 

Cl, v (p) (£ + 1)(2£ + 3) yjL 2 + p 2 (L + 1)(L + 2) + pp 

is increasing on (0, 00 ) and consequently for all L > 0, 77 < 0 and p>0we have 


C L +i,n(p) > lim 1 _ C L+ i :V (p) 
F'L^ip) p—>0 ~ C\ r , (p) 


£(2L + 1)v / (£ + 1) 2 + 77 2 

(£ + 1)(2L + 3) v / £ 2 + z? 2 


and this together with the above Turan type inequality gives (12.101) . 

Finally, let us consider the sharpness of (12.101) . By using the relation ]AS] p. 538] 


L(2L + l)C L (p) = VL 2 + P 2 Cl_ 1 ( 77 ), 
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we obtain 


Hm iA l, v (p) = j _ C L -MC L+1 (Tj) = 1 _ L(2L + 1) y/(L + l ) 2 + ^ 


p^° FI{V,P) Clin) ~ (L + 1)(2L + 3)\/L 2 + r)' 2 

and this shows that the above constant (depending on L and 77 ) is best possible in (12.101) . 


□ 


2.2. Mitrinovic-Adamovic and Wilker type inequalities for Coulomb wave functions. Now, 
we present an immediate consequence of the Turan type inequality (12.101) . For this consider the power 
series representation of the Coulomb wave function, namely m p. 538] 

F L (r ll p) = C L (r 1 )Y j aL,nP n+L+ \ 

n> 0 


where 


0 = 1 , Or 1 = 


V 


and a L ,n = 


2r]aL,n-l — CLL,n -2 


ne {2,3,...}. 


L + l “ ?r(n + 2L + l) 

Observe that the Turan type inequality (12.101) is equivalent to 

(2-13) Fl(rj,p) - Fl-iIv, p)F L +i(v,p) > 0, 

where L, p > 0, 77 < 0 and Tl(jp p) stands for the normalized regular Coulomb wave function, defined by 

Fl(v,p) = C^ 1 (p) p-b- 1 F L (r], p) = 


n> 0 


Theorem 3. If p < 0, L > —1 and 0 < p < xl,ti, 1 , then the following Mitrinovic-Adamovic and Wilker 
type inequalities are valid 

p)] L+i < [F L+1 (p,p)} L+i , 


(2.14) 

(2.15) 


[Tl+^pp)} 1 ^ + T i +l{7hp) >2. 


Fl(v,p) 

We note that if we choose 77 = 0 and L + 1/2 = u in Theorem [3] then we reobtain the next Mitrinovic- 


Adamovic and Wilker type inequalities }Ba , Theorem 3] 


JZ +1 (p)<j£m and [J v+1 (p)]^ + 


rAr , Ju+l{p) 


Mp) 


> 2 , 


where v > —1/2 and 0 < p < j v p. Here Xl, o,n = jv,n stands for the Tith positive zero of the Bessel function 
J Vl and J v stands for the normalized Bessel function, defined by Fl(0, p) = J u (p) = 2 v T(u + l)p~ u J»{p)- 
It is important to note here that the above inequalities are valid for all v > — 1 and the case v = —1/2 
corresponds to the original Mitrinovic-Adamovic and Wilker inequalities for sine and cosine functions. 
See [ES ESI WB for more details on Mitrinovic-Adamovic and Wilker inequalities. 

Proof of Theorem [51 Consider the function tp L {j],p), defined by 

Pl iv,p) = { L + ^j log [■ Fl + 1 p)\ - + f) lo S \ T l(v,p)]- 

Observe that the above function is well defined since for each 77 < 0, L > — 1 and 0 < p < Xl , v , 1 we have 

T L {rpp) > 0 and T L+1 (p,p) > 0 . 

Now, by using the recurrence relation (12.31) we obtain 

F' L (v,p) = T-TT-FlO^P) - rr L o\ P J: L+l{'n,p), 


(2.16) 
and consequently 

2 <P' L (V,P) = V 

where according to (12.131) 

®l{v,p) = 


L + 1 
2L + 5 


{L + 1) 2 (2L + 3) 


2L + 3 


pF L +i(r),p ) 


L + 2 L + l J Fl +l (ipp) p) 


®l{v,p), 


{L + lf + rf^ (L + 2 ) 2 + 77 2 


-Fl+i(v,p) ~ 


Fl(v,p)F l+2 (v,p) 


> 


(L + l ) 2 (L + 2 ) 2 

[Fl +1 {il, p) - p)T L+2 {r], p)\ > 0. 


(L + 2 ) 2 + ? 7 2 


(L + 2 ) 2 
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On the other hand, by using the Mittag-Leffler expansion m we obtain 


P-^L+lfap) 

Fl{v,P) 


(L + 1) 2 (2 L + 3) 
(L + l) 2 + rf 


E 

n> 1 


+ 


X L ,r) ,n[.X L ,r) ,n p) 2/L,77,n(y.L, 


rf,n 


P). 


> 0 , 


where rj < 0, L > — 1 and 0 < p < Xl, v ,i- These imply that for those values of r/, p, L we have p' L (j], p) > 0 
and thus 

<Pi(p,p) > = 0, 

which completes the proof of (12.f4D . Finally, the Wilker type inequality (12. f 511 follows immediately from 
the inequality (12.141) and the arithmetic-geometric mean inequality for the values [J^L+iiVi p)] 1 ^ L + 3 / 2 ) 
and F L+1 {r),p)/F L {r),p), that is, 


[7- L+1 (r?,p)]^ 


J~L + 1 (p, P) 

Fl(v,p) 


> 2 * [ T L + 1 ( r ], p)} J 


Fl+ i(p,p) > 2 

Fl(v,p) 


□ 


2.3. Some properties of Coulomb zeta functions. This subsection is devoted to the study of some 
functions involving the positive and negative zeros of Coulomb wave functions. We give some basic 
properties, like recurrence relations, nronotonicity properties and we study the high er order derivatives 
of these functions. We note that some of the results were already obtained in [SS] , but here we use a 
different approach. 

For s > 1 and L,ij £ R let us consider functions X S ^ V (L), Y StV (L) and £ fl)7) (L), which we call as the 
Coulomb zeta functions, defined by 

x StV (L) = £ E—, W i ) = E-r— and C,A L ) = X >A L ) + Y >,*( L )- 

n> 1 X L,V,n n > 1 ^ L ,V,n 


By using the Mittag-Leffler expansion EH) we obtain for all 0 < p < min ~VL,r], 1 } the generating 
function for the Coulomb zeta functions as follows 


pF L +i{Vi p) 

Fl(v,P ) 


L + 1 


^(L + l) 2 + + ^ 

E 




,?7,ri 


+ 


VL,r],r 


1 - 


1 - 


T +1 


+(L + 1) 2 + t? 2 


n>l 


%L,r),n 2/L,r?,n 

m+2 


V 

m>0 


E 

m>0 


yL,r),r 


m+2 


T + l 


V(T + 1) 2 + P 2 


£ [x m+2 +L) + y m+2) ,(L)] p m+2 , 


m>0 


that is, we have 
(2.17) 


F L+1 (rj,p) 

pFl(v,p) 


L+ 1 

^(i+l) 2 +77 2 


E Cm+2,r,(T)p m . 

m>0 


Let us suppose that 77 = 0. Then Xl , o,u = ~ yL , o,n = ++1/2,71 for all n £ {1,2,...} and the formula (12.171) 
reduces to 


P^L+S/2 (p) 


= EC-+2,o+)p m+2 = 2^ 


++i/2(p) m > 0 fe>r 

Now, let L + l/2 be denoted by v, then for \p\ < j„. 1 we obtain the Kishore’s formula [Kij p. 528] 


E 


XL JL+l/2,r 


2k 


pJy+1 (p) 
2J,(p) 


E ct2 fe( z/ )p 2fe > 

fc>l 


0'2fc(l / ) = X 2 fc, 0 (^ - 


V2) = £ 

n>l 


1 

A2k 

Jiy,n 


where 
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is the so-called Rayleigh function. Observe that 


lim 

p—¥ 0 


F l +i{t),p) 


pFl(v,p) 


Cl+ ifa) _ V(L + l) 2 + p 2 


C L (V ) (L + 1 )( 2 L + 3) ’ 


and consequently if p —> 0 in (12.171) , then we obtain 

(L + l) 2 + 7 j 2 


(2, v (L) — 


(L 4- 1) 2 (2L + 3)' 


It is also worth to mention that if we use (12.171) and the power series representation of the Coulomb wave 
function, then we obtain 


Cl+ 1(17) ( a L- 1-1,0 + o-l+i,iP + ... + a,L+i,nP n + ...) — 


L + 1 


f c L (v) 


\J {L 4 - 1) 2 + r/ 2 

x (flL,0 + &L,lP + . . . + a,L, n p n + ■ ■ ■) {C,2,rj{L) + ^3 iV (L)p + . . . + £ n + 2 ,ri(L)p n + ...), 

and identifying the coefficients of p n on both sides we arrive at the recurrence relation 

n 

C2,77(-^ / )^L+l,n — ^ 7c+2,?7 (L) : ^7 £ {0, 1, ■ ■ • }■ 

k—0 


By using the above relation for n = 1 we obtain 

<3,77(£) = -V-, 


( L + l ) 2 + T ] 2 


{L + 1) 3 (L + 2)(2L + 3) 

and other values of can be computed also for m £ {4, 5,...}. Moreover, by using the relations 

(E3D and (12.171) we obtain 

Fi(v,P) L +1 


V 

f l(v,p) P L + l 


^ ' Cm+'2,ri(L)p 


ra +1 


m> 0 


and taking this in (BUD and identifying the coefficients of p m on both sides we obtain 

n m 

(2.18) (m + 2 L + 3)(m+2,ri {L) + y-— rCm+1 ,T){L) = C,k,r){L)C,m-k+ 2 ,ri(L) , TO £ {2, 3, . . . }. 


h—2 


Observe that the above result implies that the Coulomb zeta functions are actually rational functions of 
L. We mention that the above results were obtained also by Stampach and Stovfcek SS , however, they 
used a different approach. 

Now, we are ready to prove the following new result by using (12.181) . 

Theorem 4. If 77 < 0 and to £ {2,3,...}, then the Coulomb zeta function L 1 — > as well 

as the functions Lc (to + 2L + 3)( m+ 2 :V (L) + 2r]( m+ i^(L) / (L + 1), L i-a ( m ,ri{L) / C, 2 ,q{L) and L i-a 
(2L + 3) m ~ 1 f rn ^ v (L) are completely monotonic on (—l,oo). 

Let 77 = 0. Then x Lfi , n = - yL,o,n = ji+i/ 2 ,n for all n £ { 1,2,...} and 

f,o(u = £uu + 1 1 


2>1 


( 1) S d L+l/2,n 


Observe that for all s > 1 we have C 2 s,o(L) = 2X 2s ,o{L) and C 2 s-i,o(£) = 0. Now, taking to = 2 r in (12.181) 
we obtain 


( 2 r + 2 L + 3)(,2r+2fi{L) — C2fc,o(i)C2r-2fe+2,o(L), 


fc =1 


and if we let L + 1/2 = v and r + 1 = < 7 , then the above relation becomes 


q -1 


(U + q)a 2 q{v) = ^2 cr 2k{v)a2q-2k(v), 


fc=i 


which is the result of Kishore ]Ki[ p. 532]. We also note here that in particular when 77 = 0 the results 
of Theorem 0] reduce to the main results of Obi |Ob| p. 466] concerning the complete monotonicity of 
the functions v 1 —> <j 2 q (v), v H > iy + l) 9 cr 2 g (u) and {v + q)(j 2 q(v) on (— 1 / 2 , 00 ), where q £ { 1 , 2 ,... }. 
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Proof of Theorem [/} Since the sum and product of completely monotonic functions are also completely 
monotonic, we have that for 77 < 0 the functions L 1 —> £ 2 and L 1 —> £ 3 i?) (L) are completely monotonic 
on (—1, 00 ). On the other hand, from (12.181) we have 


bm + 2,77 


(L) = - 


2?7 


(L + l)(m + 2L + 3) 


m+1,77 


(L) 


2 L 


k=2 


—772 £ {2, 3, . . . }. 


Thus, if we suppose that L 1 —> f StV (L) is completely monotonic on (—1, 00 ) for each s € {2, 3,..., m + 1}, 
then by induction we get that L 1 —> f m+ 2 iV {L) is also completely monotonic on (— l,oo). 

Similarly, the functions L 1 —>■ {2L+3)C,2,r){L) and L 1 —>■ (2L+3) 2 f3, v (L) are clearly completely monotonic 
on (— l,oo) for all r\ < 0. Supposing that L i-a (2 L + 3) s_ 1 £ S)r) (L) is completely monotonic on (— l,oo) 
for each s £ { 2 ,3,..., m + 1 }, the relation 

( 97 —Lir+V (T)— 2rj(2L + 3) m 

(2L + 3) Cm+2 (i + 1)(m + 2L + 3) Cm+i 

. m 

+ m + 2L + 3 E P L + 3)^(1)] [(2i + sr-^a-w^)] , m € {2,3,...}. 


and complete mathematical induction imply that L i-a ( 2 L+ 3 ) m+ 1 (' m + 2 l ^(T) is also completely monotonic 
on (— 1 , 00 ). 

Observe that for 77 < 0 the functions 


( 3 , v ( l ) = _ V 

(2,r]{L) (T + l)(L + 2 )’ 


t C 4 ,ri(L) _ (L + 2){L + l) 2 + (5L + 8)rj 2 

^ ~ (T + 1) 2 (T + 2){2L + 3)(2L + 5) 

are completely monotonic on (—l,oo). If L 1 —> f StV (L)/f 2 ,ri(L) is completely monotonic on (—1, 00 ) for 
s £ {2, 3,..., to + 1}, then in view of 


^m+2,ri(L) _ 277 _ Crn+l tfjL) _1_ C k,rj(L ) 

C 2 ,r)(L) (L + 1)(to + 2L + 3) C,2,t]{L) to + 2L + 3 C 2 ,ri(L) 


Cm—k+2,ri(L)i 772 £ {2, 3, . . . } 


and by using the fact that L K > f s , v (L) is completely monotonic on (—1, oo) for all s £ {2, 3,..., m}, by 
using mathematical induction we obtain that L K > f m+ 2 ^{L) /£ 2 , 7 ? (£) is also completely monotonic on 

(-i.oo). 

Finally, the first part of this theorem together with (12.181) imply that the function 


L i—► (to + 2 L + 3)f m +2,ri(L) + 2’qf m+ i^[L) /( L + 1) 
is also completely monotonic on (—1, oo) for all to € {2, 3,...} and 77 < 0. 


□ 


2.4. Interlacing properties of the zeros of Coulomb wave functions. The first part of the next 
result is the extension of a result of Miyazaki et al. IMKCIl Remark 4.3], which states that if p > 0, 
77 £ M and L £ {1,2,... }, then there is one and only one zero of p 1 —> F' L (r], p) between two continuous 
zeros of p 1 ^ Fl{ 77 , p). 

Theorem 5. If L > —1/2 and rj £ R, then the zeros of p ^ Fl{t],p ) and p 1 —> Ff(rj,p) are interlacing. 
Moreover, if L > — 1 and rj £ R, then the zeros of p ^ Fl{t], p) and p 1 —► pFffq, p) — (L + 1 )Fl(ji, p) are 
interlacing. 

Proof. In view of m , for L > —1 the function p i-a F' L {p, p)/F l{t], p) is decreasing on the interval 
(xL,Ti,k,XL,ri,k+i), where k £ {1,2,...}. Moreover, the expression F' L [r), p) / Fl(t), p) tends to —00 as 
p XL,n,k+i and tends to 00 as p \ XL, v ,k- Since jSSl Remark 17] for L > —1/2 and 77 £ K the zeros of 
p i-A F' L (r], p) are real and simple, it follows that p i-a Ff(r 7 , p)/Fl(t], p) intersects once and only once the 
horizontal axis, and the abscissa of the intersection point is actually the £;th positive zero of p i-A Fffq, p). 
The interlacing property of the negative zeros is similar, and thus we omit the details. 

Hadamard’s theorem states that an entire function of finite order r may be represented in the form 
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where a\, a 2 ,... are all nonzero roots of f(z), p < t, P q (z) is a polynomial in z of degree q < t, m is the 

u 2 U P 

multiplicity of the root at the origin, and G(u,p) = (1 — u)e u+ ~ + '" + ~ for p > 0. Combining this with 
m it follows that the growth order tc of the normalized entire Coulomb wave function p 1 —► Fp(p,p) 
satisfies 1 < tc < 2. It is known that the genus of an entire function of order r is [r] when r is not 
an integer, but the genus of an entire function of natural order r can be either r or t — 1. Thus, the 
normalized entire Coulomb wave function p 1 —> Tl(j)i P ) is of genus 0 or 1. On the other hand, Laguerre’s 
theorem on separation of zeros states that, if z f(z) is an entire function, not a constant, which is 
real for real z and has only real zeros, and is o f genus 0 or 1 , then the zeros of /' are also real and are 
separated by the zeros of /. According to |SSl . Proposition 13] when L > — 1 and 77 g R the zeros of 
p 1 ^ Fl(v,p) are all real. Thus, appealing on Laguerre’s separation theorem we conclude that when 
L > — 1 and 77 £ K., then the zeros of p 1 —> pF^(p, p) — (L + 1 )Fl(ti, p) are all real and are interlacing with 
the zeros of p i-A Fl(? 7, p). □ 
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